This work introduces a system of algorithms to compute period matrices for general surfaces with arbitrary topologies. The algorithms are intrinsic to the geometry, independent of surface representation. The computation is efficient, stable and practical for real applications. The algorithms are experimented to real surfaces including human faces and sculptures, and applied for surface identification problem. It is the first work that is both theoretically solid, and practically robust and accurate to handle real surfaces.
(a) Original Surface (b) Conformal map to (c) Texture mapped the plane surface Fig. 1 . Conformal mapping. The original surface is a real human face (a), which is conformally mapped to a square (b). A checker board texture is mapped back to the face. All the right angles on the texture are preserved on (c).
field, [2, 10] introduced a method for computing conformal map between closed genus zero surface to the sphere.
For surfaces with arbitrary topologies, Gu and Yau introduces an algorithm based on Hodge theory. The algorithm for computing conformal structures of real surfaces has been introduced in [9] . Then the method is applied to brain mapping [5, 6, 14] in medical imaging; surface classification in [8] , and global surface parameterizations in [7] .
Organization of the Paper.
In the 2 section, the preliminary mathematical background will be introduced briefly. In the section 3, the main concepts and definitions will be systematically introduced in the setting of discrete surfaces. The following sections( 45 will explain the details of the algorithms. The section 6 generalizes the algorithm to surfaces with boundaries. Section 7 will demonstrate the experimental results on real surfaces. We summarize the paper in the final section.
Preliminary Theoretic
Background. This section concentrates on the concepts of conformal maps, and period matrices. They are from compact Riemann surface theories in [3] and [11] .
2.0.1. Conformal Map. Suppose S 1 and S 2 are two regular surfaces, parameterized by (x 1 , x 2 ). Let a mapping φ : S 1 → S 2 be represented in the local coordinates
Suppose the first fundamental forms (Riemannian metrics) of S 1 and S 2 are Particularly, if the map from S 1 to the local coordinate plane (x 1 , x 2 ) is conformal, we say (x 1 , x 2 ) is a conformal coordinate of S 1 , or isothermal coordinate. Using conformal coordinates, the metric can be formulated as ds 2 = λ(x 1 , x 2 )(dx
). Figure 1 demonstrates a conformal map between a human face surface and a square on the plane. The conformality is illustrated by texture mapping a checkerboard to the surface. It is easy to verify that all right angles on the checkerboard are preserved on the surface.
A conformal structure of a surface S is an atlas. Each chart is a conformal coordinates of S. The transition function between two charts are holomorphic. A surface which admits a conformal structure is called a Riemann surface. All orientable surfaces are Riemann surfaces.
2.0.2. Period Matrix. Let S be a Riemann surface of genus g, then there exists closed curves
where × is the algebraic intersection number of two closed curves. These curves are a basis for the homology of S. Namely, for a closed curve c, if c × a i = 0, and c × b i = 0, then for any closed curve d, c × d = 0. These curves are called a canonical homology basis.
There is a basis ω 1 , ω 2 , · · · , ω g for the vector space of holomorphic one forms, such that
Then the Riemann period matrix is defined as Definition 2.2 (period matrix). Let {a 1 , a 2 , · · · , a g , b 1 , b 2 , · · · , b g } are a canonical homology basis of S. ω 1 , ω 2 , · · · , ω g are a basis of holomorphic one forms dual to
This matrix is symmetric, the imaginary part is positive definite. Let S andS be Riemann surfaces, if R i,j =R i,j , for all 1 ≤ i, j ≤ g, then S and S are conformally equivalent. (Torelli Theorem) .
By examining the period matrices, we can verify whether the two surfaces are conformally equivalent without really computing the conformal maps between them.
In the computation of period matrix,one should use an equivalence relation by integral symplectic matrix. however, since we fix an basis of homology cycles here, we don't need to take this equivalence relation and hence we just check the period matrix itself.
The main goal of this paper is to design algorithms to compute period matrices. In practice, the surfaces are represented as triangular meshes. In the next section, we will define the concepts of conformal geometry to this kind of discrete surfaces.
3. Discrete Riemann Surface. Suppose K is a simplicial complex, and a map-
K n where n = 0, 1, 2 are the sets of n-simplicies. We use σ n to denote a n-simplex,
3.1. Homology Group. We define chain spaces as the linear combination of simplices,
The elements in C n , n = 0, 1, 2 are called n-chains. Notably, the summation of all faces k f k is in C 2 , we also use M to denote this special 2-chain. Next we define boundary operators among the chain spaces. Definition 3.1 (boundary operator). Boundary operator ∂ n :
Then for n-chain in C n , the boundary operator is defined as
We use ker∂ 1 ⊂ C 1 to denote the null space of ∂ 1 , which represents all the closed loops on M . We use img∂ 2 ⊂ C 1 to denote the image space of ∂ 2 , representing all the surface patch boundaries. It is easy to verify that all boundaries of surface patches are closed loops, namely
Hence img∂ 2 ⊂ ker∂ 1 .
Definition 3.2 (homology group). The homology group of
Intuitively, H 1 (M, Z) represents all the closed loops which are not the boundaries of any surface patch on M . The topology of M is determined by H 1 (M, Z).
Let M be a closed mesh of genus g, and B = {γ 1 , γ 2 , . . . , γ 2g } be an arbitrary basis of its homology group. We define the entries of the intersection matrix C of B as
where the dot denotes the number of intersections, counting +1 when the direction of the cross product of the tangent vectors of e i and e j at the intersection point is consistent with the normal direction and −1 otherwise.
Cohomology
Group. Then we consider the homeomorphisms between chain spaces and R, which we call co-chain spaces,
where Hom(C n , R) means the set of all homeomorphisms between C n to R. The elements in C n are called n-cochains or n-forms. Similar to the boundary operators among chain spaces, we can define the coboundary operators δ n : C n → C n+1 as the dual operators to ∂ n . Suppose ω n ∈ C n is an n-form and c n+1 ∈ C n+1 is an
It is easy to verify that
1-forms in kerδ 1 are called closed 1-forms and 1-forms in imgδ 0 are called exact 1-forms. Two close 1-forms are called cohomologous if they differ by an exact 1-form.
We can naturally define integration of an n-form along an n-chain. Suppose c n ∈ C n and ω n ∈ C n , then the integration is denoted as
The boundary and coboundary operators are related by the Stokes' formula
3.3. Wedge Product. Cohomology group is not only a group, but also a ring. Besides addition, there are also product operators for 1-forms.
Definition 3.4 (wedge product). Wedge product is a bilinear operator ∧ :
We can define star wedge product operator in a similar way, Definition 3.5 (star wedge product). A bilinear operator star wedge product
is defined as follows: suppose f ∈ K 2 , the lengths of three edges are l 0 , l 1 , l 2 and the area of f are A, then
where
and quadratic form G has the form
3.4. Harmonic 1-forms. We can associate the so called harmonic energy with all closed 1-forms. Definition 3.6 (harmonic energy). Suppose ω ∈ C 1 , and we define the harmonic energy of ω as
where w e is defined in the following way: suppose there are two faces f 0 , f 1 attached to an edge e, then angles α, β are on f 0 , f 1 against e respectively, then
Suppose e is a boundary edge, e ∈ ∂ 2 M , then e only attaches to one face f 0 , in this case
In the following discussion, we always assume the triangulation of the mesh can guarantee the positiveness of w e . In the final section, we prove the existence of such a triangulation mesh Definition 3.7 (harmonic 1-form). A closed 1-form ω ∈ kerδ 1 is called a harmonic 1-form, if it minimizes the harmonic energy. The Laplacian operator is an operator from
A closed 1-form is harmonic if and only if its Laplacian is zero.
For each cohomology class, there only exists a unique harmonic 1-form. All harmonic 1-forms form a group, denoted as H, which is isomorphic to H 1 (M, R).
Definition 3.8 (dual harmonic 1-form basis). Suppose M has a homology basis {r 1 , r 2 , · · · , r 2g } and a harmonic 1-form basis {ω 1 , ω 2 , · · · , ω 2g }, such that
where −γ i · γ j is the algebraic intersection number of γ i and γ j , then the homology basis and harmonic 1-form basis are said to be dual to each other.
3.5. Holomorphic 1-form. Given a harmonic 1-form ω ∈ H(M), there is a unique conjugate harmonic 1-form ω * , such that
where M represents the special 2-chain consisting of all faces.
Definition 3.9 (holomorphic 1-form). Suppose ω is harmonic, and ω * is its conjugate harmonic 1-form, then the pair ω + √ −1ω * is called a holomorphic 1-form.
All holomorphic 1-forms form a group Ω 1 (M ), which is isomorphic to H 1 (M, R).
The basis of Ω 1 (M ) can be constructed directly from a basis of the harmonic 1-form group. Using previous notation, if {ω 1 , ω 2 , · · · , ω 2g } is a basis of the harmonic 1-form group, then
3.6. Period Matrix. Definition 3.10 (period matrix). Let S is a Riemann surface with genus g.
is called the period matrix.
Algorithms for Computing Period
Matrix. This section introduces a series of practical algorithms to compute the period matrices. We first introduce the algorithms to compute homology and cohomology of the surfaces, then the way to compute harmonic one forms and holomorphic one forms. The resulting D M includes all faces of M , which are sorted according to their queuing order. The non-oriented edges and vertices of the final boundary of D M form a graph G, which is a cut graph. We will compute the homology basis of G, namely H 1 (G, Z), which is equivalent to H 1 (M, Z).
Homology Basis.
For the cut graph G, we can compute its homology generators, which is also the homology basis of M . 4.3. Computing Cohomology. We want to explicitly construct a basis for the cohomology group of M , H 1 (M, R). We will find a set of closed 1-forms {ω 1 , ω 2 , · · · ,
where δ j i is the Kronecker symbol and {γ i } is a homology basis. Once we compute {ω 1 , ω 2 , · · · , ω 2g }, we can use linear transformation to transform them to the dual of homology basis {γ 1 , γ 2 , · · · , γ 2g }, such that
Computing Harmonic 1-forms.
In this step, we would like to diffuse the 1-forms computed in the last step to be harmonic. The computation is to minimize the harmonic energy for the 1-forms within the cohomology class. We use conjugate gradient method for the optimization.
(1) (2) (3) (4) ( 
Computing Holomorphic 1-form Basis.
For each harmonic 1-form, there exists a conjugate harmonic 1-form as defined in Equation22. The problem is to determine the uniqueness of the conjugate harmonic 1-form and find a way to compute it out.
Suppose {ω 1 , ω 2 , · · · , ω 2g } is a harmonic 1-form basis. By definition, the conjugate harmonic 1-form ω * should satisfy the following condition
Because ω * is also harmonic, we can represent it as a linear combination of ω i 's
and we get the following linear system
We want to show the linear system 3 is of full rank. We can prove the following theorem:
Theorem 5.1. For any harmonic 1-form, its conjugate harmonic 1-form exists and is unique.
The proof is not elementary, we will use the duality between homology and cohomology from algebraic topology. Suppose the homology basis are {γ 1 , γ 2 , · · · , γ 2g }, and
where · represents the algebraic intersection number between two closed loops. Hence, the linear system in equation 3 is the intersection matrix of homology basis, which is definitely non-degenerated. The solution to Equation 3 exists and is unique. Figure 4 .3.1 shows the computation results for several surfaces with high genus numbers. The David sculpture model is with more than ten genus, and the resulting conformal structure is quite accurate.
Surfaces With Boundaries.
In this section, we want to generalize the method for closed meshes to meshes with boundaries. Given a surface M with boundary ∂M , ∂M = φ, we want to compute the global conformal structure for M . We need to compute the holomorphic 1-form on M first. 6.1. Doubling. Given a surface M with boundaries ∂M , we can construct a symmetric closed surfaceM , such thatM covers M twice. That is, there exists an isometric projection π :M → M , which maps a facef ∈M isometrically to a face f ∈ M . For each face f ∈ M , there are two preimages inM. We callM a doubling of M .
The following is the algorithm to compute the doubling of mesh with boundaries. The doubling algorithm is very general for arbitrary surfaces with boundaries, and can be generalized to higher dimensional complexes. The purpose for doubling is to convert the surfaces with boundaries to closed symmetric surfaces.
Given a mesh M with boundaries, we would like to compute the basis of holomorphic 1-forms on M . We first compute the doublingM for M . For each interior vertex u ∈ M , there are two copies of u inM , we denote them as u 1 and u 2 , and say they are dual to each other, denoted as
For each boundary vertex u ∈ ∂M , there is only one copy inM , we say u is dual to itself, i.e.ū = u.
We now compute the harmonic 1-forms onM. According to Riemann surface theories [3] , all symmetric harmonic 1-forms ofM
are also harmonic 1-forms on M . Define the dual operator for each harmonic 1-form ω as follows:
Any ω can be decomposed to a symmetric part and an asymmetric part (2) a1 (3) a2 (4) b0 (5) b1 (6) b2 
Output holomorphic basis
Then, we can use holomorphic 1-form to compute period matrices of M as described in previous section.
7. Experimental Results. We tested our algorithms using real surfaces laser scanned from sculptures and human faces. The surfaces are represented using triangle meshes. The optimization is based on conjugate gradient method, the data structure is mainly half edge boundary representation.
7.1. Genus Three Sculpture Model. The sculpture model is shown in figure  1 with genus three. The canonical homology basis are also illustrated.
The period matrix is computed and display as the following:
( It is easy to verify that the matrix is symmetric , the imaginary part is positive definite.
Human Face Surfaces With Feature Regions
Removed. The face models are obtained by laser scanning real human faces. We locate the feature curves of the surfaces, and slice the surfaces along these feature curves. We double the result surfaces, and compute the period matrices of them.
(1) female face (2) male face (3) female face (4) male face (1) and (2), feature curves are located and the surfaces are sliced along these curves. In (3) and (4), feature points are computed first, then these feature points are removed. The surfaces can be identified by comparing the period matrices. Figure 7 .2 shows the holomorphic one form basis for the female face surface using texturemapping a checkerboard. Figure 7 .2 shows the holomorphic one form basis for the male face surface. The doubling surfaces are symmetric, the real part of the period matrices are zero. In the following, only the imaginary parts are illustrated.
The male surface 7.2 (2) has the following period matrix: 7.3. Human Face Surfaces With Feature Points Removed. We locate the feature points on the male face and the female face manually, and punch small holes centered at the feature points as shown in figure 7.2(3) and (4) . Then we compute the doubling the surfaces. Because the surfaces are symmetric, the real part of the period matrices are zero. In the following we display the imaginary part.
The period matrix of the male surface in 7.2 (3) is 
The eigen values are . To test the robustness of our algorithm, we test our algorithm under varying boundary conditions. We cut open three holes in male faces and females faces. The boundary of the faces is cut by a sphere centered at the nose tip point. In practice, the nose tip cannot be located precisely each time. Hence we get different boundary conditions. Figure 7 .4 shows the faces with different boundary conditions. We compute and compare the period matrix values under varying boundary conditions. The male surface 7.4(1) has the following period matrix: It is to identify these two surfaces by comparing the eigen values of their period matrices. The computation is global, insensitive to the local noise and stable.
8. Summary and Conclusion. This paper introduces algorithms to compute period matrices for real surfaces. The algorithms compute the homology, cohomology, harmonic one form basis and holomorphic one form basis. The algorithms are intrinsic to the geometry of the surfaces, independent of the data construction, insensible to the noise.
By Riemann uniformization theory, all compact surfaces can be conformally mapped to sphere, disk, or plane. We can find a triangulation with all sharp angles for these canonical spaces and map the triangulations to the surface. If the triangulation is dense enough, then the triangulation on the surfaces are with all acute angles.
Period matrices can be used for surface classification, surface recognition. It is a challenging problem to qualitatively measure the dependency between the period matrices and the Riemann metric tensor. We will do future research along this direction and find more applications for period matrices.
